Let [a, b] be a compact subinterval of R. A function δ : [a, b] → R is called gauge if it is positive. Let P = {x 0 , x 1 , ..., x n ; c 1 , c 2 , ..., c n } be a tagged partition of [a, b] (x 0 < x 1 < ... < x n , c i ∈ [x i−1 , x i ] and x 0 = a, x n = b). Let
f (c i )(x i − x i−1 ) we will denote the standard Riemann sum of f corresponding to the partition
there exists a real number L with the following property: for each ǫ > 0 there is a gauge δ such that for each δ-fine partition P , |S(P, f ) − L| < ǫ.
Definition 2. A non-empty set A is called directed if there is a relation α defined on A, which is reflexive, transitive and has the following property: if c, d ∈ A there is e ∈ A, such that cαe and dαe. If cαe we would say that e follows c. All non-empty sets of real numbers are directed by the standard inequality.
Definition 3. A function defined on a directed set is called generalized sequence.
The concept of generalized sequence provides a unified approach to variety of limit processes [Be] . It is well known that the Riemann integral can be defined in terms of a generalized sequence.
Let A = {(P, δ) : P is a tagged partition of [a, b], δ is a gauge and P is δ-fine}. The Cousin's lemma (see [B] ) implies that A is not empty. We define a relation on A in the following way: we say that (P, δ) follows
. This relation provides a direction on A.
Let f : [a, b] → R. We define a function on A in the following way: I(γ) = S(P, f ), where γ = (P, δ).
Proof: (i) Assume that f is Henstock integrable on [a, b]. We will prove that the generalized sequence is convergent and its limit is the Henstock integral of f -L. Let ǫ > 0. According to definition 1., there is a gauge δ, such that if P is δ-fine, then |S(P, f ) − L| < ǫ. Let γ 0 = (P 0 , δ), where P 0 is some δ-fine partition. Let γ follows γ 0 . That means that γ = (Q, g) where g ≤ δ and Q is g-fine. But this implies that Q is also δ-fine and |S(Q, f ) − L| < ǫ. In terms of the sequence {I(γ)} this means that we have γ 0 , such that for each γ that follows γ 0 , |I(γ) − L| < ǫ. Since this holds for each ǫ, lim γ I(γ) = L.
(ii) Assume that lim γ I(γ) = L. This means that for each ǫ > 0 there is a γ 0 ∈ A, such that if γ follows γ 0 , then |I(γ) − L| < ǫ. Let γ 0 = (P 0 , δ). Let Q be a δ-fine partition. Then (Q, δ) will follow γ 0 and |I(γ) − L| < ǫ. But I(γ) = S(Q, f ). So we found a gauge that satisfies definition 1. Q.E.D.
Theorem 2. The Henstock integral as linear and preserves the inequalities. Proof: Follows immediately from the properties of generalized sequences.
It is well known that that a function is Lebesgue integrable iff the function and its absolute value are Henstock integrable.
Theorem 3. f is Lebesgue integrable on [a, b] iff both sequences I(γ) and J(γ) = S(P, |f |), where γ = (P, δ), are convergent.
Theorem 3. provides an opportunity to define the Lebesgue integral and Lebesgue measure in an easy and direct way.
